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regular and X -edge transitive but not X -vertex transitive. Also Γ is called X -symmetric if it is X -vertex 1 transitive and X -arc transitive. For X =Aut (Γ), we omit X and simply talk about Γ being edge transitive, 2 vertex transitive, symmetric or semisymmetric. As an example, Γ = K 3,3 , the complete bipartite graph on 6 3 vertices, is not semisymmetric but it is X -semisymmetric for some X ≤ Aut(Γ) . 4 An X -edge transitive but not X -vertex transitive graph is necessarily bipartite, where the two partites 5 are the orbits of the action of X on V (Γ). If Γ is regular, then the two partite sets have equal cardinality. So 6 an X -semisymmetric graph is bipartite such that X is transitive on each partite but X carries no vertex from 7 one partite set to the other. 8 According to [5] , if there is a unique known cubic semisymmetric graph of order n, then it is denoted by 9 Sn . The symmetric counterpart of Sn is denoted by Fn ([6] ). There are only two symmetric cubic graphs of 10 order 20 which are denoted by F20A and F20B. Only F20B is bipartite ([6] ).
11
Any minimal normal subgroup of a finite group, is the internal direct product of isomorphic copies of a 12 simple group.
13
A finite group G is called a K n -group if its order has exactly n distinct prime divisors, where n ∈ N . 14 The following two results determine all simple K 3 -groups and K 4 -groups [3, 12, 19, 24] . 15 Theorem 2.1 (i) If G is a simple K 3 -group, then G is isomorphic to one of the following groups: A 5 , A 6 , 16 L 2 (7) , L 2 (2 3 ), L 2 (17), L 3 (3) , U 3 (3) , U 4 (2).
17
(ii) If G is a simple K 4 -group, then G is isomorphic to one of the following groups: 18 (1) A 7 , A 8 , A 9 , A 10 , M 11 , M 12 , J 2 , L 2 (2 4 ), L 2 (5 2 ), L 2 (7 2 ), L 2 (3 4 ), L 2 (97) , L 2 (3 5 ), L 2 (577), L 3 (2 2 ), 19 L 3 (5) , L 3 (7) , L 3 (2 3 ), L 3 (17) , L 4 (3), U 3 (2 2 ), U 3 (5) , U 3 (7), U 3 (2 3 ), U 3 (3 2 ), U 4 (3), U 5 (2) , S 4 (2 2 ), 20 S 4 (5), S 4 (7) , S 4 (3 2 ) , S 6 (2) , O + 8 (2) , G 2 (3), Sz(2 3 ), Sz(2 5 ) , 3 D 4 (2), 2 F 4 (2) ′ ; 21 (2) L 2 (r) where r is a prime, r 2 − 1 = 2 a · 3 b · s, s > 3 is a prime, a, b ∈ N ;
22
(3) L 2 (2 m ) where m , 2 m − 1 , 2 m +1 3 are primes greater than 3 ; In the following theorem, the inverse of a pair (a, b) , is meant to be (b, a). Also for each i , A i , B i , C i 32 and D i are certain groups of order i with known structures. We will not need their structures. Theorem 2.4 [10] If Γ is a connected cubic X -semisymmetric graph, then the order of the stabilizer of any 1 vertex is of the form 2 r · 3 for some 0 ≤ r ≤ 7. More precisely, if {u, v} is any edge of Γ, then the pair 2 (X u , X v ) can only be one of the following fifteen pairs or their inverses: (A 192 , B 192 ), (C 192 , D 192 ), (A 384 , B 384 
Main Results

29
Our goal in this paper is to fully classify connected cubic semisymmetric graphs of order 20p . We also derive a 30 very restrictive necessary condition for the existence of connected cubic G -semisymmetric graphs of order 20p .
31
We prove the following important result. Part (i) is a full classification whereas part (ii) is only a necessary (i) If Γ is a connected cubic semisymmetric graph of order 20p , then p = 11 and Γ ≃ S220 .
2
(ii) If Γ is a connected cubic G -semisymmetric graph of order 20p for some G ≤Aut (Γ), then p = 2 3 or 11 .
4
To prove the main theorem, we need some lemmas.
5
Lemma 3.2 The only simple K 4 -groups whose orders are of the form 2 i · 3 · 5 · p for some prime p > 5 and 6 some 1 ≤ i ≤ 8 , are the following three projective special linear groups: L 2 (2 4 ), L 2 (11) and L 2 (31) .
7
Proof Considering the powers of primes, there is no possibility for such a group in sub-item (4) of item (ii) 8 of Theorem 2.1. By inspecting orders of groups in sub-item (1) , the only group of the desired form is L 2 (2 4 ).
9
As for sub-item (3), let L 2 (2 m ) be a group of order 2 i · 3 · 5 · p; then
where m, 2 m − 1 and 2 m +1 3 are all primes according to Theorem 2.1. This equation has no answer as neither 12 2 m − 1 nor 2 m +1 3 could be equal to 5. Finally consider groups L 2 (r) in sub-item (2) . If for odd prime r and 13 for prime s > 3, we have yields |G| = 2 r+1 · 3 · 5 · p . If G does not have a normal Sylow p-subgroup, then O p (G) = 1 . We derive a 23 contradiction out of this.
24
Suppose G has a normal subgroup M of order 10 . Due to its order, M is intransitive on the partite 25 sets and according to Theorem 2.6, the quotient graph divides |N | . Since the order of every simple K 3 -group is divisible by 3 , N must be a simple K 4 -group whose 3 order is of the form 2 i · 3 · 5 · p . According to Lemma 3.2, N ≃ L 2 (2 4 ), L 2 (11) or L 2 (31) corresponding to 4 p = 17 , 11 and 31 respectively. But these cases are ruled out in the statement of the Lemma.
5
Now suppose T is abelian and hence N would be elementary abelian. It follows from Corollary 2.7, 6 that |N | divides 10p and so |N | = 2, 5 or p . Certainly |N | = p contradicts the assumption on O p (G). In 7 the remaining two cases Γ N would itself be a connected cubic G N -semisymmetric graph of order 20p |N | . Take
If M N is unsolvable, then it must be a simple 10 K 4 -group whose order is of the form 2 i · 3 · 5 · p. It follows from Lemma 3.2, that p = 17 , 11 or 31 which are 15
be a simple group of order 2 i · 3 · p for some i and hence according to Theorem 2.1, M N ≃ A 5 or L 2 (7) implying 17 p = 5 or 7 . This is in contradiction to our assumption on p . On the other hand if M N is solvable, then like 18 before, we conclude that | M N | = 2 or p which again lead to contradictions as in the previous case. (1) For each vertex u the stabilizer G u is isomorphic to a subgroup of H .
22
( 
27
Since any x ∈ Z p and any g, h ∈ S 5 we define two subsets R x,g,h , S x,g,h ⊂ Z p ⋊ φ S 5 as follows:
As we will see later, these two subsets are sometimes subgroups of Z p ⋊ φ S 5 .
17
The group D 12 = ⟨ a, b|a 6 = b 2 = 1, b −1 ab = a −1 ⟩ has exactly three Sylow 2 -subgroups, all isomorphic 18 to Z 2 × Z 2 , which are listed below: to see that for any positive integer n if g ∈ A 5 , then (x, g) n = (x n , g n ) for all x ∈ Z p , and if g / ∈ A 5 , then 
where n + m = 12 and where g 1 , . . . , g n / ∈ A 5 and h 1 , . . . , h m ∈ A 5 . It also follows that for this specific x, 
Comparing the equalities 3.1 and 3.2 and by taking into account that g t g i ∈ A 5 for i = 1, . . . , n and g t h j / ∈ A 5 17 for j = 1, . . . , m , it follows that 18 {g t h 1 , . . . , g t h m } = {g 1 , . . . , g n } .
19
Therefore m = n = 6 and so |H| = 6. Since A 4 does not have a subgroup of order 6 , we conclude that 20 H ≃ D 12 .
21
We now proceed to prove part (ii). So let D 12 ≃ H ≤ Z p ⋊ φ S 5 . According to part (i) H is of type D.
22
We continue to use the notations invented in the proof of part (i 5} ∪ {(1, h)(x, g) i |i = 0, . . . , 5} = {(1, 1) , (x, g), (1, g 2 ), (x, g 3 ), (1, g 4 ), (x, g 5 ),
30
(1, h), (x, hg), (1, hg 2 ), (x, hg 3 ), (1, hg 4 ), (x, hg 5 )} = R x,g,h .
31 5} = {(1, 1) , (x, g), (1, g 2 ), (x, g 3 ), (1, g 4 ), (x, g 5 ),
1 (x, g ′ ), (1, g ′ g), (x, g ′ g 2 ), (1, g ′ g 3 ), (x, g ′ g 4 ), (1, g ′ g 5 )} = S x,g,g ′ . The only remaining possibility is to have ker(φ) = A 5 . We assume there are subgroups U, V with the 14 desired properties and reach a contradiction. So U ≃ D 12 and hence according to Lemma 3.6, there are some bipartite cubic symmetric graph of order n or it is a cubic semisymmetric graph of order n. 8 We now set off to prove part (ii) of Theorem 3.1. For p = 3, 5, 7, 17, 31 there is no connected cubic 9 semisymmetric graph of order 20p according to [5] . Also for p = 5, 7, 17 no connected cubic symmetric graph 10 of order 20p exists according to [6] . As for p = 3, 31 , according to [6] there exists only one connected cubic 11 symmetric graph of order 20p which is not bipartite. Therefore we conclude that for p = 3, 5, 7, 17, 31 there is 12 no connected cubic G -semisymmetric graph of order 20p . cubic symmetric graph or a cubic semisymmetric graph of order 20 . By [5] there is no semisymmetric cubic 20 graph of order 20 and by [6] there is only one bipartite symmetric cubic graph of order 20 , namely F20B .
21
Therefore Γ M ≃ F20B.
22
The automorphism group of F20B has 240 elements ([6]) and G M is isomorphic to a subgroup of 23 Aut(F20B) of order |G M | = 2 r+1 · 3 · 5. The equality is not possible since G M is not transitive on V (F20B) 24 whereas Aut(F20B) is. So |G M | < 240 and hence 1 ≤ r + 1 ≤ 3 . Also G M is transitive on both U M and W M 25 and according to Proposition 2.5, the action of G M on each of U M and W M is faithful. Therefore G M is a 26 transitive permutation group of degree 10. Transitive permutation groups of degree 10 have been completely 27 classified in [4] . There are 45 such groups up to isomorphism which are denoted T 1, T 2, · · · , T 45 in [4] and the 28 only ones whose orders are of the form 2 i · 3 · 5 for 1 ≤ i ≤ 3 , are T 7 ≃ A 5 of order 60 , and T 11 , T 12 and 29 T 13 ≃ S 5 of order 120.
30
First note that G M ≃ T 7 is not possible according to Lemma 3.5. Next, we argue that G M could not 31 be isomorphic to T 11 or T 12.
32
In [4] all the transitive groups of degree 10 are defined with a set of generating permutations on ten 33 points. If 34 a = (1, 2, 3, 4, 5), b = (6, 7, 8, 9, 10), e = (1, 5)(2, 3) , f = (6, 10)(7, 8), 35 g = (1, 2), h = (6, 7) and i = (1, 6)(2, 7)(3, 8)(4, 9)(5, 10) , 36 then T 11 = ⟨ab, ef, i⟩ and T 12 = ⟨ab, ef, ghi⟩. Using the GAP software ([23]) it is easy to verify that H = ⟨i⟩ 37 of order 2 is a normal subgroup of T 11.
38
If G M ≃ T 11, then according to Theorem 2.6, the quotient graph of Γ M with respect to H which we 39 denote by (Γ M ) H , would be R -semisymmetric of order 10 , where R ≃ T 11 H . This implies that R is transitive 40 10 SHAHSAVARAN and DARAFSHEH/Turk J Math on each partite set and by Proposition 2.5, R would be a transitive permutation group of degree 5 . Again 1 according to [4] the only transitive permutation group of degree 5 and of order 60 is A 5 . So we should have 2 R ≃ A 5 . Now the stabilizer of any vertex of (Γ M ) H under the action of R has |R| 5 = 12 points and the 3 only subgroup of A 5 of order 12 is isomorphic to A 4 . So for an edge {u, w} of the cubic R -semisymmetric 4 graph (Γ M ) H , we have (R u , R w ) = (A 4 , A 4 ) which is not possible according to Theorem 2.4. Therefore the
